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Smectic ordering of homogeneous semiflexible polymers
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A self-consistent-field theory for fluids of homogeneous wormlike polymers exhibiting a one-dimensional
spatial variation is presented. We have extended the treatment of excluded-volume effects by adding an
effective interaction term which describes the excluded volume between wormlike cylindrical segments and
terminal (or end segments of the polymer molecules. This enables us to find a smectic-A phase in the case of
homogeneous semiflexible polymers. Using this framework, we have investigated the occurrence of smectic-A,
nematic, and isotropic phases in the second-viflaisager approximation. Phase diagrams are calculated for
systems characterized by different rigiditi@s., persistence lengths-or the case of infinitely rigid molecules,
the nematic-smectic transition appears to be mostly second order. Systems of semiflexible molecules exhibit
mainly a first-order smectic-nematic transition, and their isotropic-nematic-smectic triple points are accessed
for different rigidity values. The nematic-smectic transition line is in good agreement with previous analytical
calculations, which were also performed assuming the second-virial approximation. However, the values of the
volume fraction at the nematic-smectic transition are large compared with computer simulation results, indi-
cating limitations of the second-virial approximation.
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[. INTRODUCTION Nonetheless, as discussed in more detail later, we question
several aspects of the theory presented in R, and be-

The importance of anisotropic repulsive interactions forjieve that further study is warranted. In addition, here we
stabilizing liquid-crystalline phases in model fluids is well consider the simultaneous shifts of the I-N and N-Sm-A tran-
known [1], dating back to Onsager’2] studies of the sitions, leading to the finding that sufficient flexibility can
isotropic-nematic transition of rigid hard rods using asuppress the nematic phase and lead to direct isotropic-
second-virial approximation. More recent theoretical studiesmectic transitions.
have turned to considering the effects of molecular flexibility —Here we adopt the self-consistent-field the(®CFT) for
on liquid crystal behavior in athermal models of elongatedwormlike chaing 15] with excluded-volume interactions de-
molecules. The effects of flexibility on the isotropic-nematic scribed in the Onsager second-virial approximation, as for-
(I-N) transition of semiflexible “wormlike” chain molecules Mulated by Cheret al. [5,16]. As noted in Ref[13], this
are fairly well understood, shifting the densiti@s concen- approximation is probably poor quantitatively in the high
trations at the transition to higher values and decreasing th&¥olume-fraction regime where smectic phases are expected
phase gap with increasing degree of flexibilig~6]. These to occur, but ghould provide a reasonable qyahtauve descrip-
findings agree qualitatively with experimental results for susdion of smectic structure and phase behayibr]. We note

pensions of virus particlég] and also have been applied to tat related SCFT studies of interfaces and “microphase
thermotropic liquid-crystalline polymefs,9]. separation” in fluids of semiflexible wormlike chains have

A » . recently been carried out, although mainly employing either
The effects of flexibility on transitions to smectic phasesFIory-Huggins[lS,1S§| or Maier-Saupe modelk20] for the

have also been studied. Computer simulations indicate th%termolecular interactions. In a recent wdi], we have
increasing flexibility also shifts the nematic to smecti¢M- applied the “SCFT—Onsagér” formalism to a model fluid

Sm-A) transition to higher densitigsl0]. This agrees with composed of diblock chainsee alsd22,23), where each

predictions of a phenomenological theory described bymolecule consists of a flexibl@r “coil”) part and a rigidor

Tkachenkd 11] for very flexible chains, which also indicates “rod”) part. When the relative fractions of rod and coil seg-
that flexibility drives the N—Sm-A transition to be first order ents are comparable, this model was shown to produce
vyh_|le it decreases the smeciic period compare_d to that %mectic-A(i.e., lamellay phases, analogous to the occurrence
rigid rods. These results are supported by experimental finds¢ niorophase separation in other models of diblock copoly-
mgs.for virus suspensior(d.2]. _Slmllar findings have pegn mers[18,24,25. For reasons of both numerical difficulties
obtained by van der Schoft3] in the complementary limit ;.4 (35 discussed belawimitations of the model intermo-

th Vllﬁlak Sflexibilitiesé limprlloying fan exter;_iion hOf. the lecular interactions, the study in RéR1] could not be ex-
okhlov-Semenov(3,14] theory for wormlike chains. tended to examine smectic formation in the limit of homo-

geneous chains each characterized by a single degree of
flexibility (or “persistence lengtht,) throughout. Such an
*Electronic address: raul@physics.uoguelph.ca examination is the subject of the present work.
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In the original formulation of the Onsager model for nem-
atic phases of wormlike chaii8-5,14, used in subsequent J D{r,utpn({r,ut) =n. 2
treatments of nonuniform systenid6,21], the excluded-
volume interactions between two chain molecules are evalui_he notatior{r , u} stands for the position and orientation
ated by assuming that each polymer chain, of total contour ' : R .
length L, can be viewed as a large number of short, rigidOf. all segments_of a chal_n mmecu'e' It is usefL_JI to picture
segments that make up the chains. Typically, such a shoE\FIS a? the contmtjl:m I|_m|t, r']ndﬁxed bly thle \;gslzb,le)f e:
segment has a length smaller than the persistence length |?scire € r:elp_)(rjeser) ﬁ ek '“d.W Ich a mojecule gments
that it can be considered as a rigid rod, in order to use the' lengt t with coor mates{rl,ul,rz,gz, "'.’rN’uN}
Onsager treatment, originally developed for rigid rods. Thisspemfylng a Bl-dimensional phase space, in whithr ,u}
formalism then reduces to that in Eqd) and(7) in the next ={dr1du1(_:lr2du2-~~drNduN} can be understoo_d as a vo!ume
section, used in all previous related wdi-5,8,9,16,21  €lement in that phase space. The functig in Eq. (1) is
The Onsager model used in these works typically neglect@e contr'lbutlon of intermolecular |nt?ract|0ns tf’ the frge en-
the effects of the polymer terminal ends, which can be show§'9Y: whileU({r,u}) accounts for all “one-body” potentials,
to give only corrections of order of magnitud/L to the including e_xternal fields yvh|ch are .not considered in thls
isotropic-nematic transition properties, whebeis the mo- ~ Paper and internal entropic contributions due to the bending

lecular thickness. However, in highly dense systems wherdluctuations of the polymers, crucial for describing the ef-
the Onsager excluded-volume interaction leads to a high dd€cts of flexibility. For the wormlike chain model, this is
gree of orientational ordering, the second virial coefficientdiven by[15]
term for the segment-segment interaction reduces to a mag- N
nitude that is comparable ©/L. In view of the fact that the BUr.uY) = §f ot
N-Sm-A transition occurs at high density, the inclusion of ' 2Jo
the end-segment contribution hence becomes important. The
influence of terminal or end effects on smectic formation is In our previous work[5,16,21, the free energy due to
related to the so-called “shadow” effect described byexcluded-volume interactions between molecules was taken
Tkachenkg 11]. as

This paper is organized as follows. In Sec. Il, a complete
description of the model and self-consistent-field theory is p? , ) ,
given, while Sec. Il discusses the numerical methods used to  AFinto= 5 f dr f du f du’V(u,u")é(r,u)é(r,u’),
solve the theory. In Sec. IV, results are presented for the

du(t) |?

at (3

chain-segment distribution function as well as the phase dia- (4)
gram of the model for systems with different rigidities. We , , )
conclude with a summary and discussion in Sec. V. where the dimensionless contour-averaged segment density

¢(r,u) is defined by

Il. MODEL

1 1
| | o srw=2 [ o [ irupnttr.u e -r)xu-uw),
We consider a monodisperse fluid nfsemiflexible ho- pPJo

mopolymers, each of contour lengthand diameteD, oc- (5)
cupying a total volume/. Each homopolymer is character-
ized by the relative rigidityt, equal to the persistence length
l, in units of L. The total average number densityV is
denoted byp. In accord with the wormlike chain model for
semiflexible chains[5,15,16,18-20,24,36 polymer i is
treated as a space curvgt), with corresponding unit tan- Jdrdu¢(r,u) =V, (6)
gent vectow;(t)=L"1dr;(t)/dt, wheret varies between 0 and
1.

Jumping immediately to a mean-field treatment, whichThe excluded-volume interaction between two segments, of
can be derived by a standard functional-integral methodength Ldt and Ldt’ and axial orientationsu, u’,
[5,16], the Helmholtz free-energy function& of our mo-  V(u,u’)dtdt’, has previously been taken to be given by the

which satisfies the normalization conditigfollowing from
Egs.(2) and(5)]

lecular system is given by Onsager second-virial approximation, which in the limit of
very thin polymergL> D) gives rise t05,14,16,21
7 = [ D1, uln(tr, D nTplru1 + BUCGE ) - 1) V) = DL X 7
+ BFint, (2) Here we propose to extend the above model interaction to

account for overlap between the “cylindrical” segments of
where B=1/kgT. Here p,({r,u}) is the single-molecule each moleculéc) with the “terminal(or end segments’{e)
probability distribution function, which satisfies the normal- of the other molecules. This adds a contribution to the inter-
ization condition, action free energy of
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to the fact that the segment densi@(r,u) is contour-
averaged see Eq(5). In the limit of completely rigid mol-
Xp(r,u)[r,u’,t=0)+y(r,u',t=1)], (8  ecules,é— oo, it can be showri30] that the interaction free
energy Eq.(11) agrees with the standard formulation for
rigid spherocylinderd28] in the second-virial approxima-
tion, in the asymptotic limit./D — oo, including as a special
1 case the results of Mulder’s bifurcation analyg3d] in the
Hrout)== f D{r,upy({r,u}) &(r —r (1)) 8(u - u(t)). limit of perfect alignment, in which all rods are constrained
P to have the same orientatian In this constrained limit, the
9 interaction BF;y o vanishes and onlyBAF, contributes.

The functionsy in Eq. (8) are evaluated @t=0 andt=1 and Thus, as will be show_n_ Iatgr, we recover the rigid-rod results
hence represent the average densitieteohinal segments.  for the N-Sm-A transition in this limif17,28.

The functionV 4(u,u’)dt accounts for the excluded volume

between a cylindrical segment of lendtlt with axial ori- A. Functional minimization

entationu and an end cap of diametBx, with axial orienta-
tion u’ (either a disk or a hemisphgreOn dimensional
grounds, we see that this should be of or@&t dt, hence
V.d(u,u")=D>?L, in contrast to Eq(7), for the interaction of
cylinders with the terminal segments.

Consider the interaction of a flat end with a cylindrical
segment, where the excluded volume can be best represente
by that of a disk and a rod. The relative orientation of the two n
axial vectors prefers to be perpendicyat, which is differ- prm(dr,u}) = —e PUUrup-Wir.up. (12)
ent from the segment-segment interaction, where the two Q
axial unit vectors prefer to be parallel. This, however, is not,nere
always true for cylinders whose ends are capped with any
shape. The excluded volume for spherocylinders, the ends
being capped with hemispheres, yield¥a that is indepen- Q=f D{r,uje AU uh-Wir.up, (13
dent of bothu andu’ and given by{8,9],

wLD?
,

potentialse§(r' —r). Nonetheless, nonlocality is present due
BAF.=p fdrfdufdu Vedu,u’)

where, generally, thd-dependent dimensionless segment
density is defined by

The equilibrium distribution function is obtained by mini-
mizing F with respect top({r ,u}), subject to the constraint
in Eq. (2), which as usual can be taken into account by
means of a Lagrange multiplier. Using E@#$), (4), (8), and
(11) for F, as well as the relations in Eq&) and (9), we
lataln the following equation fop,({r ,u}):

and the functionV({r ,u}) is given by

Vee(u,u') = (10)

1
W({r,u}) = | dtw(r(t),u(t)) +wy(r(l),

While the order of magnitude of this correction is the same (ir.u) fo (r (0, u)) +Wer (), u(L)
as V. for, say, a flat end, the resulting physical picture is
slightly different. Now there is no preferred orientation be-
tween a terminal and a cylindrical segmd@q. In either | pore
case, driven by tha-dependent end-segment interactitiat
end or by theu-independent end-segment interactibemi-
spherical eny] polymer terminals prefer to stay away from w(r,u) :Pf du'V(u,u")e(r,u’) +p
the segment-rich region, resulting in smecti¢®m-A) for-
mation in which the terminal ends aggregate.

Here we have neglected one other, generally smaller, con- X f du’Vee(u,u")LyAr,u’,0) + ¢(r,u’, 1)]
tribution due to overlap of two terminal segments, which is
of orderD8. Henceforth, we take the interaction free energy (15
to be

+Wq(r(0),u(0)), (14)

and
BFint = IBFint,O + IBAFint- (11)

One notes that both interaction contributiop§;, , and wq(r,u):pfdu’Vce(u,u’)¢(r,u’). (16)
BAF;.: appear to be spatially “local,” i.e., involving products

of segment densities evaluated at saenepositionr. This is Of technical relevance later, for the model\gf, given in

in apparent contrast to other density-functional theories, e.gkd. (10), both w, and the second integral in E@¢L5) for

of rigid rods[1,17,27,28, where the interaction free energy W(r,u) are, in fact, independent of orientation This is not

at the Onsager second-virial level involves the products ofhe case for a flat cap, which is not considered here, where
two molecular probability densities alifferent positionsr the same qualitative results are also expected. When we sub-
andr’. The local formulation here is consistent with most stitute the solution Eq.12) into the free energy given by Eq.
theories of polymerg[29], however, in which segment- (1), we find that the equilibrium value @F (denotedsF,)
segment interactions are approximateddsfunction contact is given by
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BFEq: (ﬁFint)EQ_ f D{r ,u}pm({r ,U})W({r ,U}) - |n(%> ) lﬂ(r,u,t) = éQ(r yU,t)qT(r ,U,t) . (26)

(17) The definitions of the propagatoggr ,u,t) andq'(r,u,t)
in Egs.(23) and(24), respectively, are consistent with those

which, using Eq(14) and Eqs(5) and(9), can be written as ; . .
g Eq(14) as(5) © of earlier theorie$18,19,21, except for the additional terms

in the arguments of the exponentials involving the functions
BFeq= (BFindeq=p | drduiw(r,u)e(r,u) +wg(r,u) W,(r(0),u(0)) and wy(r(1),u(1)). From those equations, it
o follows that
X[¢(r,u,0)+:,Z/(r,u,l)]}—ll”I(H). (18 q(r,u,t— 0)=q'(r,u,t — 1) = e™arw, (27)

while otherwise the diffusionlike equations fq¢r,u,t) and
q'(r,u,t) used in earlier theories of wormlike chains are un-
changed, namely

IBFeq: - (IBFint)eq_ |n< Q ) ) (19 _ _

Furthermore, substituting Eg&l5) and (16), this becomes

nt

9 . 1,
where (BFineq is the equilibrium value of3F;, defined by Eq(r,u,t) N Lu-Ve+ zgvu —w(r,u)— q(r,u.b),

Egs.(4), (8), and(11), i.e., evaluated using the equilibrium (29)
solutions fore(r ,u) and ¢(r ,u,t).

Henceforth, we will absorb the intramolecular bending r 7
energy SU({r,u}) into the integration elemer®{r,u} and ﬁq*(r,u,t) =|-Lu-V, —iV2+w(r,u) q'(r,u,t).
denote, in agreement with conventional notatjiad,26, ot L 2¢ " J

D{r,ulePViru) =p{.}, (20)

Then, substituting the solution fer,, Eq. (12), into Eq.(5)
for ¢(r,u), and using Eqs(14) and(20), we obtain

(29)

For the present case of homopolymers, we note that, in fact,
q'(r,u,t)=q(r,—u,1-1).
We comment here on the closely related approach of van
v (1 der Schoo{13]. This is also based on the Onsager second-
¢(f,U):af dtf D{-} virial approximation, although it takes the total interaction
0 free energyBF;, to be given by thenonlocal generalization

> e—fédt’w(r(t’),u(t’))—Wq(r(1),u(l))—wq(r(0),u(0)) S(r of Eg. (4) [see discussion following Eqd1)], involving
products of the contour-averaged segment densities
=r(t))ou —u(t)). (2D p2¢(r,u)e(r’,u’) and with V(u,u’) replaced by the full

Mayer function for rigid spherocylinders. However, there is
no explicit analysis of contour-averaging, i.e., no account is
taken of thet dependence of the propagators as in Eg8)

This can be expressed in terms of conditional chain-end di
tribution functions or propagatoyr ,u,t) andq(r,u,t) as

v (1! and(29). This is due to the fact that van der Schoot applies a
¢(r,u):—f dtq(r,u,t)q'(r,u,t), (22)  perturbation expansion to first order in & ffollowing an
0 approach used by Khokhlov and Semen@y for uniform
where the propagators are defined as systems, which treats both the Laplacian t&ﬁdZ‘f and the

spatial-gradient terniu-V, in Egs.(28) and (29) as small
_ gt wr (t),u(t’ ) =wo(r (0),u(O) perturbations. The spatial-gradient term can, obviously, be
q(r.u.y _f D{-Jurq o OEOIOO),  (23) neglected for a uniform system, but it can be sh¢@@j that
it is crucial for obtaining correct results for rigid rods in the
e limit ¢>1, the limit which is, after all, the basis for the
qT(r,u,t):f Df - }pr o € 1AW EDUE))-Wo(r(1)u(1) perturbation treatment. In the present formulation, this is the
only term coupling positional and orientational degrees of
(24) freedom.

In both integralg23) and (24), the coordinates of the chain
segment at are fixed so that(t)=r andu(t)=u. The nota- [l. SELF-CONSISTENT CALCULATIONS
tion D{-};,-; means to only integratert’) and du(t’) for
chain segments at <t. It also follows from the above defi-
nition and from Eq.(13) that

To proceed with the solution of the mean-field equations,
we now specialize to situations in which the densities vary in
only one spatial dimension, which is chosen to be zfu-

rection. Here, as in previous wofk6,21], we represent the
Q:f drduq(r,u,t)q"(r,u,t), (25  orientational(u) dependencies of the functioms w, g, and
q' using expansions in spherical harmoni¢g,(u). Further-
wheret is arbitrary. Similarly, the generatdependent seg- more, we shall only consider liquid-crystalline phases such
ment density is given by as nematic and smectic-A with uniaxialke., azimuthalsym-
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metry about thez axis, and hence we need only harmonicswe have used a result for the integral of three spherical har-
with m=0 (proportional to Legendre polynomia)s monics[33]. In terms of the projectiong(z,t), the diffusion-

Sz = D HDYioU), like equation(28) becomes
|

Lan=-L3 \ Z ek La @
w(z,u) = E| Wi(2)Y) g(u), )
azu,t) = 2 gz Y ou), i
| X(Chp9? X wh @)z ) (37)
q'(zu,t) = ; q/(Z DY) o(u). (30)  with initial conditions, following from Eq(27),

— A e W@ = ‘,rr —\47Co¢0(2)
Next, we expand the kern@l X u’| using the addition theo- 0o(z,0) = vame™a = yame ’

rem for spherical harmonid46,32,
a(z0=0, 1>0, (38)

4 .
luxu’|=2 mdlYl,m(u)Yl,m(U,) (31)  where we have used the fact thaj is independent ofi as
Lm well as Eq.(16). Analogous equations apply t§(z,u,t).
with The computational methods used in solving the theory are
similar to those of Ref[21], based on use of a forward time
d =0, I odd, centered spacTCS schemg[34] for obtaining solutions
of the diffusionlike equation(37). The fields and densities
m are determined self-consistently according to Eg4), (35),
4’ and(37) using a fixed-point iteration algorithm with variable
mixing parameters for successive iterations. In the present
_ m(4k+1)(2K)! (2k - 2)! k=123 work, calculations were performed on a one-dimensional
24— Ik (k+ 1) T grid with periodic boundary conditions, a spatial discretiza-
(32) tion of dz/d=0.02, whered is the smectic period, and a
contour discretization ofteék 1/1500. All spherical-harmonic
Inserting these formulas into the free enefd$), the latter ~ expansions were truncated afterl12.

d0:

Oy =

can be expressed as The use of the spherical-harmonic series representations
4rCd .y in Eq. (30) results in one limitation on our calculations,
BF = - pAY { 77 I} f dzy (r)? - pA\ 2 dzdo(2) na_mely fqr d.esc.rlblng states W|th very sha_lrply peakeq orien-
T L2+1 Q tational distributions about the director axi®., thez axis).
o In practice, we find this restricts our calculations to small
X[0o(z, 1)0i(z,1) + qo(z,0)g(z,0)] = In =, (33)  aspectratios/D <10, although within this range we do find

significant trends as described in the next section.

where C=pDL? and C,=pV = mpLD?/2. The mean-field
equationg15) and(22) are

— IV. RESULTS
w(2) = 87Td'0¢,(z) + V4WC2V[qo(Z, 1)ai(z2) The first results of the present calculations are the distri-
21+1 Q bution functionsy(z,u,,t) for the density of segments at
+ (2, O)qg(z, 018 0, (34) po_intt qlong a chain, in terms of the segment positroand
orientationu,= cog 6), whered is the angle between the seg-
vV 1 ; ment axis and the axis, indicating the type of structure
H2==> dtq,, (z,t)qi-(z,t) which is present. The distribution functions for segments at
QI’,I” 0 several different values are presented in Fig. 1, for param-
2"+ )2 +1) eter values of£=9, C,=1.8, and rigidity¢=5. These values
X | (Ch ol )2 (35) lie in the smectic region of the model, with a corresponding
4m(2l +1) o optimal period ofd=1.2L. The graphs show, firstly, that all
with segments for this value of are shqrplly pgaked at orienta-
tions u,=+1. The graphs of the distribution function have
_ + been made by setting the origin imat the midplane of the
Q_A§|: J dzq(z 0a(z0). (36) smectic layers, i.e., wherg(z,u,,t=0.5 is maximum. They

) ) ] are also consistent with two general symmetry relations
HereA is the cros§-§ectlonal area of the system inXtad  \yhich can be derived from Eq&26), (28), and(29), namely
y directions. TheCy 5 3 are Clebsch-Gordan coefficients, and ¢(z,u,,t) =i(z,-u,,1-t) and ¢(z,u,,t)=¢(d-z,u,, 1-1).
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TABLE |I. Isotropic-nematic coexistence densiti€Sem Ciso)
for several values of the relative rigidity

Results from Ref[5] Present work
Chain rigidity ¢  Cig, Chem Ciso Chem
© 4.19 5.33 4.18 5.36
10 4.74 5.54 4.78 5.49
5 5.26 5.96 5.21 5.90
3 5.89 6.53 5.89 6.52
1 9.69 10.39 9.61 11.21

-0.33.=0.87, which can be interpreted as the thickness of
the high-density smectic layer.

We next turn to the phase boundaries of the model. To
determine the coexistence regions of first-order phase transi-
tions, we performed double-tangent constructions on curves

. of the free energy per volumgF/V [21]. Omitting terms
‘3 3 linear in C (which yield constants when the derivativéiC
A is taken, we obtain from Eqs(33) and (38)
=2
N
N BF BFC 2<A> d f )
> — o ——=—47C| — | 2, —— | dz¢i(z
] v on T 2 g ) e
47C,CA =
- sz dz(2)e™ 42 qp(z, 1) + g5(2,0)]
—CIn%+CInC, (39

where we have used Stirling’s approximation for the facto-
rial. Results for the coexisting values Gf at the isotropic-
nematic transition for different rigiditie§ are summarized in
Table | and are in excellent agreement with previous results
[5]. Although the free energy of the uniform isotropic and
nematic phases depends on the param@erwith a term
varying in proportion t@C,, we find that theC, dependence
has a negligible effectwithin our numerical uncertaintig¢s
on the coexisting values @3.

1.0 The phase diagram of the model was studied in terms of

0.8 the aspect ratid./D and the packing fractiory, which is

0.6 defined ag28]

0.4 'éb
u, A 02 mpLD?( 2D
7= \Ma)

(40)
FIG. 1. The distribution function)(z,u,,t) for segments at dif-

f:e{-eg’ tg\:/aslyusvsheorfé,tﬁgr;eczm(i)&?drr]r? ptgrigsrgr:ft; values9, C; These variables are related to the paramet@rand C,

through the relations

Notice that the maximéversusz) of (z,u,,t=0.5 coincide

approximately with the minima of¢(z,u,,t=0) and L_EE 77:%<1+i2> (41)

(z,u,,t=1). Comparing the results fa=0 andt=1 at the D 2C, 2 3w C/’

most probable orientatioitheru,=1 oru,=-1), the closest

distance between adjacent maximaydt,u,,t) is approxi-  Additionally, there are regions where the nematic-smectic

mately 0.38, representing the width of the depletion zone (N-Sm-A) transition is found to be second order. The loca-

between successive smectic layers. The corresponding masion of this transition line has been determined by the behav-

mum distance between adjacent maximayot,u,,t) is d  ior of the smectic order parameter defined as
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FIG. 2. Order-parameter behavior close to the nematic-smectic(®) L/D

critical point of rigid rods(¢=«) with L/D=7.5. Inset: log-log dia-

gram of the order-parameter variation with distance to the critical
point [Osm vs (17— 70 141 7
Smectic

. :
Osm= laf dZ[\47T¢0(Z) - 1]2:| : (42) [ |
0

Trivially, Ogp, vanishes in the isotropic and nematic phases:
and should differ from zero in the smectic phase. To accu-
rately obtain the transition points, we studied the vanishing
of Ogas the packing fractiom approaches its critical value |
7., While keepingL/D constant. The behavior of the order  ,,
parameteiOg,, as a function ofy for a typical second-order
N-Sm-A transition is shown in Fig. 2. According to mean- T S L B T
field theory, the order parameter should vanish following a (p) L/D

power-law decay,

08

06k Isotropic

Ogm~ (7= 10) vz, (43)

The smooth parabolic shape of the curves in Fig. 2 and the 14
logarithmic fit, included as an inset, are consistent with this
power-law behavior. In these cases, the N—Sm-A transition
points 7, were determined by fitting the data valu€s,, 12
versuszn with the above formula. In all cases, the data used®
corresponded with the equilibrium period, i.e., the valud of
which minimizes the free energy per volume.

The particular case of infinitely rigid moleculgg=cc,
i.e., rods was first studied. Results for the phase boundaries
of » versusL/D are given in Fig. 8). The solid and dashed
lines show the phase coexistence region for first-order tran: L . L . ! . |

Smectic _

Nematic -

Isotropic

08—

sitions and the critical packing fraction, for second-order (g ® 7 LD i 10
transitions, respectively. The optimal smectic periods were
always in the interval 1.28d/L<1.26. As a comparison, FIG. 3. Phase diagrams for systems with different rigidities:

the asymptotiqL/D — ) results of Poniewierski’s bifurca- infinitely rigid molecules,é=, (b) ¢&=10, and(c) £&=1. The solid

tion analysis[28] of the N—Sm-A transition in the Onsager and dashed lines define the coexistence regions of first-order phase
approximation are also shown, which are seen to be in closigansitions and the critical packing fraction, for second-order
agreement with the present results for allD values. We  phase transitions, respectively. (@, the points gives the results of
note that Poniewierski’'s analysis includes orientational flucPoniewierski's[28] asymptotic analysis.

tuations which are suppressed in, and produce slight differ-

ences from, the analysis of MuldéB1] in the perfectly tion is preempted and a direct isotropic-smediieSm-A)
aligned limit. ForL/D>5, the N-Sm-A transition is found transition occurs. These results can be compared with the
to be second order, while for smaller valued.¢D a narrow  Monte Carlo simulation results of Bolhuis and Frenke5],
nematic-smectic coexistence region emerges, so lthBt who found the N-Sm-A-I triple point to be dt/D=3.7

=5 is a tricritical point. ForlL/D <4.2, the N-Sm-A transi- while being inconclusive about the precise location of the
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TABLE Il. Triple-point values ofL/D and » for several values of the relative rigidity

Chain rigidity & o0 10 5 3 1

Triple point(L/D; %) (4.2;1.00 (4.3;1.06 (4.7;1.10 (5.5;1.18 (6.7;1.28

N-Sm-A tricritical point. More recent studies by Polson and(L/D — o) second-virial approximation described by van der

Frenkel [36] indicate that the N-Sm-A transition of rigid Schoot{13], which partially agrees with our results. The fact

rods is first order for all aspect ratios. These discrepancies dhat the N-Sm-A transition predicted by second-virial ap-

the present results are presumably due to its basis in thgroximations occurs at higher packing fraction than obtained

Onsager approximation, as discussed further in Sec. V. from simulations[10] is not unexpectedsee the next sec-
In Figs. 3b) and 3c), the phase diagrams are shown for tion).

two finite rigidities &. As the flexibility 1/¢ of the polymer

increases, the N—-Sm-A transition moves to higher values of V. SUMMARY AND CONCLUSIONS

both 7 andL/D. Moreover, the optimal period of the smec- The present work generalizes previous studies of liquid-

tic phasg geperally d_ecreases as the erX|b|I|ty_ INCreases. F%Fystalline ordering of homogeneous semiflexible polymers
the semiflexible chaing¢# <), the optimal period was al- g iting from excluded-volume effects, originated by
ways in the interval 1.04d/L<1.22. The_ coexistence val- kpokhlov and Semenof8,14], to account for the formation
ueszy and 7, are seen to decreaselaD increases, but as of smectic-A phases. This is done by adding an effective
mentioned earlier, we are unable to extend our Calculationﬁ]teraction term, in a second-virial approximation, which de-
beyondL/D=10. ForL/D>9, the N-Sm-A transition is scribes the excluded volume between wormlike cylindrical
found to be second ordéwithin our numerical uncertain- segments and termindbr end segments of the polymer
ties). For smaller aspect ratios, this transition is weakly firstmolecules. This work provides a more microscopic perspec-
order until a N-Sm-A-I triple point is encountered. As in the tive of the “shadow effect” formulated by TkachenKdL]. In
rigid case, below the triple point a direct I-Sm-A transition addition, compared with the coarse-grained description in
occurs. The coordinates /D, 7) of the triple point for sys-  Ref.[11], the present work explicitly includes the contribu-
tems with different rigidities are contained in Table 1. tions due to orientational degrees of freedom and thus ac-
The N—Sm-A transition line in terms of versus 1£is  counts for the occurrence of direct isotropic to smectic-A
plotted in Fig. 4 for the valué./D=6 (solid line). In this  transitions. For infinitely rigid molecules, our results for the
figure, the dashed line represents the simulation results ofN—Sm-A transition are consistent with those derived by Po-
tained by Bladon and FrenkélO] for a model of jointed niewierski [28] by bifurcation analysis in the large/D
Spherocy“nders with the samd D Va|ue(ﬁtted to the equa- limit, although for numerical reasons the present StUdy is
tion proposed by van der Schddt3], so it is actually drawn limited to rather small aspect ratiag D < 10.
over a wider range of 14 values than examined in Ref. ~ Our main findings are that flexibilityé<cc) shifts the

[10]). The dotted curve shows the results of the asymptotidN-Sm-A transition and the N-Sm-A-I triple point to higher
values of the density; and aspect ratid /D, decreases the

smectic period, and increases the range over which the

e N-Sm-A transition is first order, all of which are in accord
with the predictions of Ref§11,13 as well as the computer
simulation studies of Ref10]. In addition, we show via the
shift of the N—Sm-A-I triple point to higher density ahdD
with decreasing that the nematic phase is gradually elimi-
nated by increasing flexibility.

There are two aspects of the theory discussed here which
need to be refined. The first is the treatment of orientational
contributions; the spherical-harmonic expansions in(B6)

~+++ Van der Schoot do not converge well for strongly ordered states, which in
—-- Bladon and Frenkel . e e .
Nematic — Present results ] practice emerge, for the rigidities considered here, at aspect
ratiosL/D > 10. (We note thaeffectiveaspect ratios such as
- | for the virus suspensions studied in Ref2] range from 30

1E 0 to 70) To overcome this will likely require the use of a
real-space discretization of the orientations as in Rdf\We
FIG. 4. The nematic-smectic transition vs 1/¢) for the case of ~ &lSO must consider extensions beyond the second-virial ap-
L/D=6 (solid line. In the case of first-order transitions, the line Proximation, which in principle is limited to volume frac-
represents the valués)y+7,)/2. The dashed curve represents the tions »<<1, in order to improve the accuracy of the theory.
simulation results obtained by Bladon and Frerked], while the ~ The latter results in several artifacts, such as predictions of
dotted curve describes the asymptotic results of Re]. the volume fractiony at the various phase boundaries in
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Figs. 3 and 4 which exceed the physical close-packed limimethods for nonuniform, orientationally ordered systems still

PHYSICAL REVIEW E 71, 041804(2005

7¢p~=0.91, and possibly the presence of the N-Sm-A tricriti-needs significant development.

cal points [28]. In reality, the volume fractions at the

N-Sm-A transition should “saturate” at values pfbelow
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