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A self-consistent-field theory for fluids of homogeneous wormlike polymers exhibiting a one-dimensional
spatial variation is presented. We have extended the treatment of excluded-volume effects by adding an
effective interaction term which describes the excluded volume between wormlike cylindrical segments and
terminalsor endd segments of the polymer molecules. This enables us to find a smectic-A phase in the case of
homogeneous semiflexible polymers. Using this framework, we have investigated the occurrence of smectic-A,
nematic, and isotropic phases in the second-virialsOnsagerd approximation. Phase diagrams are calculated for
systems characterized by different rigiditiessi.e., persistence lengthsd. For the case of infinitely rigid molecules,
the nematic-smectic transition appears to be mostly second order. Systems of semiflexible molecules exhibit
mainly a first-order smectic-nematic transition, and their isotropic-nematic-smectic triple points are accessed
for different rigidity values. The nematic-smectic transition line is in good agreement with previous analytical
calculations, which were also performed assuming the second-virial approximation. However, the values of the
volume fraction at the nematic-smectic transition are large compared with computer simulation results, indi-
cating limitations of the second-virial approximation.
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I. INTRODUCTION

The importance of anisotropic repulsive interactions for
stabilizing liquid-crystalline phases in model fluids is well
known f1g, dating back to Onsager’sf2g studies of the
isotropic-nematic transition of rigid hard rods using a
second-virial approximation. More recent theoretical studies
have turned to considering the effects of molecular flexibility
on liquid crystal behavior in athermal models of elongated
molecules. The effects of flexibility on the isotropic-nematic
sI-Nd transition of semiflexible “wormlike” chain molecules
are fairly well understood, shifting the densitiessor concen-
trationsd at the transition to higher values and decreasing the
phase gap with increasing degree of flexibilityf3–6g. These
findings agree qualitatively with experimental results for sus-
pensions of virus particlesf7g and also have been applied to
thermotropic liquid-crystalline polymersf8,9g.

The effects of flexibility on transitions to smectic phases
have also been studied. Computer simulations indicate that
increasing flexibility also shifts the nematic to smectic-AsN–
Sm-Ad transition to higher densitiesf10g. This agrees with
predictions of a phenomenological theory described by
Tkachenkof11g for very flexible chains, which also indicates
that flexibility drives the N–Sm-A transition to be first order
while it decreases the smectic period compared to that of
rigid rods. These results are supported by experimental find-
ings for virus suspensionsf12g. Similar findings have been
obtained by van der Schootf13g in the complementary limit
of weak flexibilities, employing an extension of the
Khokhlov-Semenov f3,14g theory for wormlike chains.

Nonetheless, as discussed in more detail later, we question
several aspects of the theory presented in Ref.f13g, and be-
lieve that further study is warranted. In addition, here we
consider the simultaneous shifts of the I-N and N–Sm-A tran-
sitions, leading to the finding that sufficient flexibility can
suppress the nematic phase and lead to direct isotropic-
smectic transitions.

Here we adopt the self-consistent-field theorysSCFTd for
wormlike chainsf15g with excluded-volume interactions de-
scribed in the Onsager second-virial approximation, as for-
mulated by Chenet al. f5,16g. As noted in Ref.f13g, this
approximation is probably poor quantitatively in the high
volume-fraction regime where smectic phases are expected
to occur, but should provide a reasonable qualitative descrip-
tion of smectic structure and phase behaviorf17g. We note
that related SCFT studies of interfaces and “microphase
separation” in fluids of semiflexible wormlike chains have
recently been carried out, although mainly employing either
Flory-Hugginsf18,19g or Maier-Saupe modelsf20g for the
intermolecular interactions. In a recent workf21g, we have
applied the “SCFT-Onsager” formalism to a model fluid
composed of diblock chainsssee alsof22,23gd, where each
molecule consists of a flexiblesor “coil” d part and a rigidsor
“rod” d part. When the relative fractions of rod and coil seg-
ments are comparable, this model was shown to produce
smectic-Asi.e., lamellard phases, analogous to the occurrence
of microphase separation in other models of diblock copoly-
mers f18,24,25g. For reasons of both numerical difficulties
and sas discussed belowd limitations of the model intermo-
lecular interactions, the study in Ref.f21g could not be ex-
tended to examine smectic formation in the limit of homo-
geneous chains each characterized by a single degree of
flexibility sor “persistence length”lpd throughout. Such an
examination is the subject of the present work.*Electronic address: raul@physics.uoguelph.ca
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In the original formulation of the Onsager model for nem-
atic phases of wormlike chainsf3–5,14g, used in subsequent
treatments of nonuniform systemsf16,21g, the excluded-
volume interactions between two chain molecules are evalu-
ated by assuming that each polymer chain, of total contour
length L, can be viewed as a large number of short, rigid
segments that make up the chains. Typically, such a short
segment has a length smaller than the persistence length so
that it can be considered as a rigid rod, in order to use the
Onsager treatment, originally developed for rigid rods. This
formalism then reduces to that in Eqs.s4d ands7d in the next
section, used in all previous related workf3–5,8,9,16,21g.
The Onsager model used in these works typically neglects
the effects of the polymer terminal ends, which can be shown
to give only corrections of order of magnitudeD /L to the
isotropic-nematic transition properties, whereD is the mo-
lecular thickness. However, in highly dense systems where
the Onsager excluded-volume interaction leads to a high de-
gree of orientational ordering, the second virial coefficient
term for the segment-segment interaction reduces to a mag-
nitude that is comparable toD /L. In view of the fact that the
N–Sm-A transition occurs at high density, the inclusion of
the end-segment contribution hence becomes important. The
influence of terminal or end effects on smectic formation is
related to the so-called “shadow” effect described by
Tkachenkof11g.

This paper is organized as follows. In Sec. II, a complete
description of the model and self-consistent-field theory is
given, while Sec. III discusses the numerical methods used to
solve the theory. In Sec. IV, results are presented for the
chain-segment distribution function as well as the phase dia-
gram of the model for systems with different rigidities. We
conclude with a summary and discussion in Sec. V.

II. MODEL

We consider a monodisperse fluid ofn semiflexible ho-
mopolymers, each of contour lengthL and diameterD, oc-
cupying a total volumeV. Each homopolymer is character-
ized by the relative rigidityj, equal to the persistence length
lp in units of L. The total average number densityn/V is
denoted byr. In accord with the wormlike chain model for
semiflexible chainsf5,15,16,18–20,24,26g, polymer i is
treated as a space curver istd, with corresponding unit tan-
gent vectoruistd=L−1dr istd /dt, wheret varies between 0 and
1.

Jumping immediately to a mean-field treatment, which
can be derived by a standard functional-integral method
f5,16g, the Helmholtz free-energy functionalF of our mo-
lecular system is given by

bF =E Dhr ,ujrmshr ,ujd„lnfrmshr ,ujdg + bUshr ,ujd − 1…

+ bFint, s1d

where b=1/kBT. Here rmshr ,ujd is the single-molecule
probability distribution function, which satisfies the normal-
ization condition,

E Dhr ,ujrmshr ,ujd = n. s2d

The notationhr ,uj stands for the positionr and orientationu
of all segments of a chain molecule; it is useful to picture
this as the continuum limit, indexed by the variablet, of a
discrete representation in which a molecule hasN segments
of length Ldt with coordinates hr 1,u1,r 2,u2, . . . ,r N,uNj
specifying a 5N-dimensional phase space, in whichDhr ,uj
=hdr 1du1dr 2du2¯dr NduNj can be understood as a volume
element in that phase space. The functionFint in Eq. s1d is
the contribution of intermolecular interactions to the free en-
ergy, whileUshr ,ujd accounts for all “one-body” potentials,
including external fields which are not considered in this
paper and internal entropic contributions due to the bending
fluctuations of the polymers, crucial for describing the ef-
fects of flexibility. For the wormlike chain model, this is
given by f15g

bUshr ,ujd =
j

2
E

0

1

dtUdustd
dt

U2

. s3d

In our previous workf5,16,21g, the free energy due to
excluded-volume interactions between molecules was taken
as

bFint,0 =
r2

2
E dr E duE du8Vsu,u8dfsr ,udfsr ,u8d,

s4d

where the dimensionless contour-averaged segment density
fsr ,ud is defined by

fsr ,ud =
1

r
E

0

1

dtE Dhr ,ujrmshr ,ujdd„r − r std…d„u − ustd…,

s5d

which satisfies the normalization conditionffollowing from
Eqs.s2d and s5dg

E drdufsr ,ud = V. s6d

The excluded-volume interaction between two segments, of
length Ldt and Ldt8 and axial orientationsu, u8,
Vsu ,u8ddtdt8, has previously been taken to be given by the
Onsager second-virial approximation, which in the limit of
very thin polymerssL@Dd gives rise tof5,14,16,21g

Vsu,u8d = 2DL2uu 3 u8u. s7d

Here we propose to extend the above model interaction to
account for overlap between the “cylindrical” segments of
each moleculescd with the “terminalsor endd segments”sed
of the other molecules. This adds a contribution to the inter-
action free energy of
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bDFint = r2E dr E duE du8Vcesu,u8d

3fsr ,udfcsr ,u8,t = 0d + csr ,u8,t = 1dg, s8d

where, generally, thet-dependent dimensionless segment
density is defined by

csr ,u,td =
1

r
E Dhr ,ujrmshr ,ujdd„r − r std…d„u − ustd….

s9d

The functionsc in Eq. s8d are evaluated att=0 andt=1 and
hence represent the average densities ofterminal segments.
The functionVcesu ,u8ddt accounts for the excluded volume
between a cylindrical segment of lengthLdt with axial ori-
entationu and an end cap of diameterD, with axial orienta-
tion u8 seither a disk or a hemisphered. On dimensional
grounds, we see that this should be of orderD2Ldt, hence
Vcesu ,u8d~D2L, in contrast to Eq.s7d, for the interaction of
cylinders with the terminal segments.

Consider the interaction of a flat end with a cylindrical
segment, where the excluded volume can be best represented
by that of a disk and a rod. The relative orientation of the two
axial vectors prefers to be perpendicularf2g, which is differ-
ent from the segment-segment interaction, where the two
axial unit vectors prefer to be parallel. This, however, is not
always true for cylinders whose ends are capped with any
shape. The excluded volume for spherocylinders, the ends
being capped with hemispheres, yields aVce that is indepen-
dent of bothu andu8 and given byf8,9g,

Vcesu,u8d =
pLD2

2
. s10d

While the order of magnitude of this correction is the same
as Vce for, say, a flat end, the resulting physical picture is
slightly different. Now there is no preferred orientation be-
tween a terminal and a cylindrical segmentf2g. In either
case, driven by theu-dependent end-segment interactionsflat
endd or by theu-independent end-segment interactionshemi-
spherical endd, polymer terminals prefer to stay away from
the segment-rich region, resulting in smectic-AsSm-Ad for-
mation in which the terminal ends aggregate.

Here we have neglected one other, generally smaller, con-
tribution due to overlap of two terminal segments, which is
of orderD3. Henceforth, we take the interaction free energy
to be

bFint = bFint,0 + bDFint. s11d

One notes that both interaction contributionsbFint,0 and
bDFint appear to be spatially “local,” i.e., involving products
of segment densities evaluated at thesamepositionr . This is
in apparent contrast to other density-functional theories, e.g.,
of rigid rods f1,17,27,28g, where the interaction free energy
at the Onsager second-virial level involves the products of
two molecular probability densities atdifferent positions r
and r 8. The local formulation here is consistent with most
theories of polymersf29g, however, in which segment-
segment interactions are approximated byd-function contact

potentials~dsr 8−r d. Nonetheless, nonlocality is present due
to the fact that the segment densityfsr ,ud is contour-
averaged, see Eq.s5d. In the limit of completely rigid mol-
ecules,j→`, it can be shownf30g that the interaction free
energy Eq.s11d agrees with the standard formulation for
rigid spherocylindersf28g in the second-virial approxima-
tion, in the asymptotic limitL /D→`, including as a special
case the results of Mulder’s bifurcation analysisf31g in the
limit of perfect alignment, in which all rods are constrained
to have the same orientationu. In this constrained limit, the
interaction bFint,0 vanishes and onlybDFint contributes.
Thus, as will be shown later, we recover the rigid-rod results
for the N–Sm-A transition in this limitf17,28g.

A. Functional minimization

The equilibrium distribution function is obtained by mini-
mizing F with respect tormshr ,ujd, subject to the constraint
in Eq. s2d, which as usual can be taken into account by
means of a Lagrange multiplier. Using Eqs.s1d, s4d, s8d, and
s11d for F, as well as the relations in Eqs.s5d and s9d, we
obtain the following equation forrmshr ,ujd:

rmshr ,ujd =
n

Q
e−bUshr ,ujd−Wshr ,ujd, s12d

where

Q =E Dhr ,uje−bUshr ,ujd−Wshr ,ujd, s13d

and the functionWshr ,ujd is given by

Wshr ,ujd =E
0

1

dtw„r std,ustd… + wq„r s1d,us1d…

+ wq„r s0d,us0d…, s14d

where

wsr ,ud = rE du8Vsu,u8dfsr ,u8d + r

3E du8Vcesu,u8dfcsr ,u8,0d + csr ,u8,1dg

s15d

and

wqsr ,ud = rE du8Vcesu,u8dfsr ,u8d. s16d

Of technical relevance later, for the model ofVce given in
Eq. s10d, both wq and the second integral in Eq.s15d for
wsr ,ud are, in fact, independent of orientationu. This is not
the case for a flat cap, which is not considered here, where
the same qualitative results are also expected. When we sub-
stitute the solution Eq.s12d into the free energy given by Eq.
s1d, we find that the equilibrium value ofbF sdenotedbFeqd
is given by
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bFeq= sbFintdeq−E Dhr ,ujrmshr ,ujdWshr ,ujd − lnSQn

n!
D ,

s17d

which, using Eq.s14d and Eqs.s5d ands9d, can be written as

bFeq= sbFintdeq− rE drduhwsr ,udfsr ,ud + wqsr ,ud

3fcsr ,u,0d + csr ,u,1dgj − lnSQn

n!
D . s18d

Furthermore, substituting Eqs.s15d and s16d, this becomes

bFeq= − sbFintdeq− lnSQn

n!
D , s19d

wheresbFintdeq is the equilibrium value ofbFint defined by
Eqs. s4d, s8d, and s11d, i.e., evaluated using the equilibrium
solutions forfsr ,ud andcsr ,u ,td.

Henceforth, we will absorb the intramolecular bending
energybUshr ,ujd into the integration elementDhr ,uj and
denote, in agreement with conventional notationf24,26g,

Dhr ,uje−bUshr ,ujd = Dh·j. s20d

Then, substituting the solution forrm, Eq. s12d, into Eq. s5d
for fsr ,ud, and using Eqs.s14d and s20d, we obtain

fsr ,ud =
V

Q
E

0

1

dtE Dh·j

3 e−e0
1dt8w„r st8d,ust8d…−wq„r s1d,us1d…−wq„r s0d,us0d…d„r

− r std…d„u − ustd…. s21d

This can be expressed in terms of conditional chain-end dis-
tribution functions or propagatorsqsr ,u ,td andq†sr ,u ,td as

fsr ,ud =
V

Q
E

0

1

dtqsr ,u,tdq†sr ,u,td, s22d

where the propagators are defined as

qsr ,u,td =E Dh·jt8,t e−e0
t dt8w„r st8d,ust8d…−wq„r s0d,us0d…, s23d

q†sr ,u,td =E Dh·jt8.t e−et
1dt8w„r st8d,ust8d…−wq„r s1d,us1d….

s24d

In both integralss23d and s24d, the coordinates of the chain
segment att are fixed so thatr std=r andustd=u. The nota-
tion Dh·jt8,t means to only integrate dr st8d and dust8d for
chain segments att8, t. It also follows from the above defi-
nition and from Eq.s13d that

Q =E drduqsr ,u,tdq†sr ,u,td, s25d

where t is arbitrary. Similarly, the generalt-dependent seg-
ment density is given by

csr ,u,td =
V

Q
qsr ,u,tdq†sr ,u,td. s26d

The definitions of the propagatorsqsr ,u ,td andq†sr ,u ,td
in Eqs.s23d and s24d, respectively, are consistent with those
of earlier theoriesf18,19,21g, except for the additional terms
in the arguments of the exponentials involving the functions
wq(r s0d ,us0d) and wq(r s1d ,us1d). From those equations, it
follows that

qsr ,u,t → 0d = q†sr ,u,t → 1d = e−wqsr ,ud, s27d

while otherwise the diffusionlike equations forqsr ,u ,td and
q†sr ,u ,td used in earlier theories of wormlike chains are un-
changed, namely

]

]t
qsr ,u,td = F− Lu · =r +

1

2j
=u

2 − wsr ,udGqsr ,u,td,

s28d

]

]t
q†sr ,u,td = F− Lu · =r −

1

2j
=u

2 + wsr ,udGq†sr ,u,td.

s29d

For the present case of homopolymers, we note that, in fact,
q†sr ,u ,td=qsr ,−u ,1−td.

We comment here on the closely related approach of van
der Schootf13g. This is also based on the Onsager second-
virial approximation, although it takes the total interaction
free energybFint to be given by thenonlocalgeneralization
of Eq. s4d fsee discussion following Eq.s11dg, involving
products of the contour-averaged segment densities
r2fsr ,udfsr 8 ,u8d and with −Vsu ,u8d replaced by the full
Mayer function for rigid spherocylinders. However, there is
no explicit analysis of contour-averaging, i.e., no account is
taken of thet dependence of the propagators as in Eqs.s28d
ands29d. This is due to the fact that van der Schoot applies a
perturbation expansion to first order in 1/j, following an
approach used by Khokhlov and Semenovf3g for uniform
systems, which treats both the Laplacian term=u

2 /2j and the
spatial-gradient termLu ·=r in Eqs. s28d and s29d as small
perturbations. The spatial-gradient term can, obviously, be
neglected for a uniform system, but it can be shownf30g that
it is crucial for obtaining correct results for rigid rods in the
limit j@1, the limit which is, after all, the basis for the
perturbation treatment. In the present formulation, this is the
only term coupling positional and orientational degrees of
freedom.

III. SELF-CONSISTENT CALCULATIONS

To proceed with the solution of the mean-field equations,
we now specialize to situations in which the densities vary in
only one spatial dimension, which is chosen to be thez di-
rection. Here, as in previous workf16,21g, we represent the
orientationalsud dependencies of the functionsf, w, q, and
q† using expansions in spherical harmonicsYl,msud. Further-
more, we shall only consider liquid-crystalline phases such
as nematic and smectic-A with uniaxialsi.e., azimuthald sym-
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metry about thez axis, and hence we need only harmonics
with m=0 sproportional to Legendre polynomialsd,

fsz,ud = o
l

flszdYl,0sud,

wsz,ud = o
l

wlszdYl,0sud,

qsz,u,td = o
l

qlsz,tdYl,0sud,

q†sz,u,td = o
l

ql
†sz,tdYl,0sud. s30d

Next, we expand the kerneluu3u8u using the addition theo-
rem for spherical harmonicsf16,32g,

uu 3 u8u = o
l,m

4p

2l + 1
dlYl,msudYl,m

* su8d s31d

with

dl = 0, l odd,

d0 =
p

4
,

d2k = −
ps4k + 1ds2kd!s2k − 2d!
24k+1sk − 1d!k!k!sk + 1d!

, k = 1,2,3, . . . .

s32d

Inserting these formulas into the free energys19d, the latter
can be expressed as

bF = − rAo
l
F4pCdl

2l + 1
G E dzflsr d2 − rA

Î4pC2V

Q
E dzf0szd

3fq0sz,1dq0
†sz,1d + q0sz,0dq0

†sz,0dg − ln
Qn

n!
, s33d

where C;rDL2 and C2=rVce;prLD2/2. The mean-field
equationss15d and s22d are

wlszd =
8pdlC

2l + 1
flszd +

Î4pC2V

Q
fq0sz,1dq0

†sz,1d

+ q0sz,0dq0
†sz,0dgdl,0, s34d

flszd =
V

Q
o
l8,l9
E

0

1

dtql8
† sz,tdql9sz,td

3Îs2l9 + 1ds2l8 + 1d
4ps2l + 1d

sC0,0,0
l9,l8,ld2 s35d

with

Q = Ao
l
E dzql

†sz,tdqlsz,td. s36d

HereA is the cross-sectional area of the system in thex and

y directions. TheC0,0,0
l9,l8,l are Clebsch-Gordan coefficients, and

we have used a result for the integral of three spherical har-
monicsf33g. In terms of the projectionsqlsz,td, the diffusion-
like equations28d becomes

]

]t
qlsz,td = − Lo

l8

Î2l8 + 1

2l + 1
sC0,0,0

1,l8,ld2 ]

]z
ql8sz,td

−
1

2j
lsl + 1dqlsz,td − o

l8,l9

Îs2l9 + 1ds2l8 + 1d
4ps2l + 1d

3sC0,0,0
l9,l8,ld2 3 wl8szdql9sz,td s37d

with initial conditions, following from Eq.s27d,

q0sz,0d = Î4pe−wqszd = Î4pe−Î4pC2f0szd,

qlsz,0d = 0, l . 0, s38d

where we have used the fact thatwq is independent ofu as
well as Eq.s16d. Analogous equations apply toq†sz,u ,td.

The computational methods used in solving the theory are
similar to those of Ref.f21g, based on use of a forward time
centered spacesFTCSd schemef34g for obtaining solutions
of the diffusionlike equations37d. The fields and densities
are determined self-consistently according to Eqs.s34d, s35d,
ands37d using a fixed-point iteration algorithm with variable
mixing parameters for successive iterations. In the present
work, calculations were performed on a one-dimensional
grid with periodic boundary conditions, a spatial discretiza-
tion of dz/d=0.02, whered is the smectic period, and a
contour discretization of dt=1/1500. All spherical-harmonic
expansions were truncated afterl =12.

The use of the spherical-harmonic series representations
in Eq. s30d results in one limitation on our calculations,
namely for describing states with very sharply peaked orien-
tational distributions about the director axissi.e., thez axisd.
In practice, we find this restricts our calculations to small
aspect ratiosL /D,10, although within this range we do find
significant trends as described in the next section.

IV. RESULTS

The first results of the present calculations are the distri-
bution functionscsz,uz,td for the density of segments at
point t along a chain, in terms of the segment positionz and
orientationuz;cossud, whereu is the angle between the seg-
ment axis and thez axis, indicating the type of structure
which is present. The distribution functions for segments at
several differentt values are presented in Fig. 1, for param-
eter values ofC=9, C2=1.8, and rigidityj=5. These values
lie in the smectic region of the model, with a corresponding
optimal period ofd=1.2L. The graphs show, firstly, that all
segments for this value ofj are sharply peaked at orienta-
tions uz= ±1. The graphs of the distribution function have
been made by setting the origin inz at the midplane of the
smectic layers, i.e., wherecsz,uz,t=0.5d is maximum. They
are also consistent with two general symmetry relations
which can be derived from Eqs.s26d, s28d, ands29d, namely
csz,uz,td=csz,−uz,1−td and csz,uz,td=csd−z,uz,1−td.
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Notice that the maximasversuszd of csz,uz,t=0.5d coincide
approximately with the minima ofcsz,uz,t=0d and
csz,uz,t=1d. Comparing the results fort=0 andt=1 at the
most probable orientationseitheruz=1 oruz=−1d, the closest
distance between adjacent maxima ofcsz,uz,td is approxi-
mately 0.33L, representing the width of the depletion zone
between successive smectic layers. The corresponding maxi-
mum distance between adjacent maxima ofcsz,uz,td is d

−0.33L=0.87L, which can be interpreted as the thickness of
the high-density smectic layer.

We next turn to the phase boundaries of the model. To
determine the coexistence regions of first-order phase transi-
tions, we performed double-tangent constructions on curves
of the free energy per volumebF /V f21g. Omitting terms
linear in C swhich yield constants when the derivative] /]C
is takend, we obtain from Eqs.s33d and s38d

bF

V
~

bFC

n
= − 4pC2SA

V
Do

l

dl

2l + 1
E dzfl

2szd

−
4pC2CA

Q
E dzf0szde−Î4pC2f0szdfq0sz,1d + q0

+sz,0dg

− C ln
Q

V
+ C ln C, s39d

where we have used Stirling’s approximation for the facto-
rial. Results for the coexisting values ofC at the isotropic-
nematic transition for different rigiditiesj are summarized in
Table I and are in excellent agreement with previous results
f5g. Although the free energy of the uniform isotropic and
nematic phases depends on the parameterC2, with a term
varying in proportion torC2, we find that theC2 dependence
has a negligible effectswithin our numerical uncertaintiesd
on the coexisting values ofC.

The phase diagram of the model was studied in terms of
the aspect ratioL /D and the packing fractionh, which is
defined asf28g

h =
prLD2

4
S1 +

2

3

D

L
D . s40d

These variables are related to the parametersC and C2
through the relations

L

D
=

p

2

C

C2
, h =

C2

2
S1 +

4

3p

C2

C
D . s41d

Additionally, there are regions where the nematic-smectic
sN–Sm-Ad transition is found to be second order. The loca-
tion of this transition line has been determined by the behav-
ior of the smectic order parameter defined as

FIG. 1. The distribution functioncsz,uz,td for segments at dif-
ferent values oft, corresponding to parameter valuesC=9, C2

=1.8, j=5, where the equilibrium period isd=1.2L.

TABLE I. Isotropic-nematic coexistence densitiessCnem,Cisod
for several values of the relative rigidityj.

Chain rigidity j

Results from Ref.f5g Present work

Ciso Cnem Ciso Cnem

` 4.19 5.33 4.18 5.36

10 4.74 5.54 4.78 5.49

5 5.26 5.96 5.21 5.90

3 5.89 6.53 5.89 6.52

1 9.69 10.39 9.61 11.21
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Osm= F1

d
E

0

d

dzfÎ4pf0szd − 1g2G1/2

. s42d

Trivially, Osm vanishes in the isotropic and nematic phases
and should differ from zero in the smectic phase. To accu-
rately obtain the transition points, we studied the vanishing
of Osm as the packing fractionh approaches its critical value
hc, while keepingL /D constant. The behavior of the order
parameterOsm as a function ofh for a typical second-order
N–Sm-A transition is shown in Fig. 2. According to mean-
field theory, the order parameter should vanish following a
power-law decay,

Osm, sh − hcd1/2. s43d

The smooth parabolic shape of the curves in Fig. 2 and the
logarithmic fit, included as an inset, are consistent with this
power-law behavior. In these cases, the N–Sm-A transition
points hc were determined by fitting the data valuesOsm
versush with the above formula. In all cases, the data used
corresponded with the equilibrium period, i.e., the value ofd
which minimizes the free energy per volume.

The particular case of infinitely rigid moleculessj=`,
i.e., rodsd was first studied. Results for the phase boundaries
of h versusL /D are given in Fig. 3sad. The solid and dashed
lines show the phase coexistence region for first-order tran-
sitions and the critical packing fractionhc for second-order
transitions, respectively. The optimal smectic periods were
always in the interval 1.20,d/L,1.26. As a comparison,
the asymptoticsL /D→`d results of Poniewierski’s bifurca-
tion analysisf28g of the N–Sm-A transition in the Onsager
approximation are also shown, which are seen to be in close
agreement with the present results for allL /D values. We
note that Poniewierski’s analysis includes orientational fluc-
tuations which are suppressed in, and produce slight differ-
ences from, the analysis of Mulderf31g in the perfectly
aligned limit. ForL /D.5, the N–Sm-A transition is found
to be second order, while for smaller values ofL /D a narrow
nematic-smectic coexistence region emerges, so thatL /D
=5 is a tricritical point. ForL /D,4.2, the N–Sm-A transi-

tion is preempted and a direct isotropic-smecticsI–Sm-Ad
transition occurs. These results can be compared with the
Monte Carlo simulation results of Bolhuis and Frenkelf35g,
who found the N–Sm-A-I triple point to be atL /D=3.7
while being inconclusive about the precise location of the

FIG. 2. Order-parameter behavior close to the nematic-smectic
critical point of rigid rodssj=`d with L /D=7.5. Inset: log-log dia-
gram of the order-parameter variation with distance to the critical
point fOsm vs sh−hcdg.

FIG. 3. Phase diagrams for systems with different rigidities:sad
infinitely rigid molecules,j=`, sbd j=10, andscd j=1. The solid
and dashed lines define the coexistence regions of first-order phase
transitions and the critical packing fractionhc for second-order
phase transitions, respectively. Insad, the points gives the results of
Poniewierski’sf28g asymptotic analysis.
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N–Sm-A tricritical point. More recent studies by Polson and
Frenkel f36g indicate that the N–Sm-A transition of rigid
rods is first order for all aspect ratios. These discrepancies of
the present results are presumably due to its basis in the
Onsager approximation, as discussed further in Sec. V.

In Figs. 3sbd and 3scd, the phase diagrams are shown for
two finite rigidities j. As the flexibility 1/j of the polymer
increases, the N–Sm-A transition moves to higher values of
bothh andL /D. Moreover, the optimal periodd of the smec-
tic phase generally decreases as the flexibility increases. For
the semiflexible chainssjÞ`d, the optimal period was al-
ways in the interval 1.04,d/L,1.22. The coexistence val-
ueshN andhA are seen to decrease asL /D increases, but as
mentioned earlier, we are unable to extend our calculations
beyond L /D=10. For L /D.9, the N–Sm-A transition is
found to be second orderswithin our numerical uncertain-
tiesd. For smaller aspect ratios, this transition is weakly first
order until a N–Sm-A-I triple point is encountered. As in the
rigid case, below the triple point a direct I–Sm-A transition
occurs. The coordinatessL /D ,hd of the triple point for sys-
tems with different rigidities are contained in Table II.

The N–Sm-A transition line in terms ofh versus 1/j is
plotted in Fig. 4 for the valueL /D=6 ssolid lined. In this
figure, the dashed line represents the simulation results ob-
tained by Bladon and Frenkelf10g for a model of jointed
spherocylinders with the sameL /D valuesfitted to the equa-
tion proposed by van der Schootf13g, so it is actually drawn
over a wider range of 1/j values than examined in Ref.
f10gd. The dotted curve shows the results of the asymptotic

sL /D→`d second-virial approximation described by van der
Schootf13g, which partially agrees with our results. The fact
that the N–Sm-A transition predicted by second-virial ap-
proximations occurs at higher packing fraction than obtained
from simulationsf10g is not unexpectedssee the next sec-
tiond.

V. SUMMARY AND CONCLUSIONS

The present work generalizes previous studies of liquid-
crystalline ordering of homogeneous semiflexible polymers
resulting from excluded-volume effects, originated by
Khokhlov and Semenovf3,14g, to account for the formation
of smectic-A phases. This is done by adding an effective
interaction term, in a second-virial approximation, which de-
scribes the excluded volume between wormlike cylindrical
segments and terminalsor endd segments of the polymer
molecules. This work provides a more microscopic perspec-
tive of the “shadow effect” formulated by Tkachenkof11g. In
addition, compared with the coarse-grained description in
Ref. f11g, the present work explicitly includes the contribu-
tions due to orientational degrees of freedom and thus ac-
counts for the occurrence of direct isotropic to smectic-A
transitions. For infinitely rigid molecules, our results for the
N–Sm-A transition are consistent with those derived by Po-
niewierski f28g by bifurcation analysis in the largeL /D
limit, although for numerical reasons the present study is
limited to rather small aspect ratiosL /D,10.

Our main findings are that flexibilitysj,`d shifts the
N–Sm-A transition and the N–Sm-A-I triple point to higher
values of the densityh and aspect ratioL /D, decreases the
smectic period, and increases the range over which the
N–Sm-A transition is first order, all of which are in accord
with the predictions of Refs.f11,13g as well as the computer
simulation studies of Ref.f10g. In addition, we show via the
shift of the N–Sm-A-I triple point to higher density andL /D
with decreasingj that the nematic phase is gradually elimi-
nated by increasing flexibility.

There are two aspects of the theory discussed here which
need to be refined. The first is the treatment of orientational
contributions; the spherical-harmonic expansions in Eq.s30d
do not converge well for strongly ordered states, which in
practice emerge, for the rigidities considered here, at aspect
ratiosL /D.10. sWe note thateffectiveaspect ratios such as
for the virus suspensions studied in Ref.f12g range from 30
to 70.d To overcome this will likely require the use of a
real-space discretization of the orientations as in Ref.f5g. We
also must consider extensions beyond the second-virial ap-
proximation, which in principle is limited to volume frac-
tions h!1, in order to improve the accuracy of the theory.
The latter results in several artifacts, such as predictions of
the volume fractionh at the various phase boundaries in

TABLE II. Triple-point values ofL /D andh for several values of the relative rigidityj.

Chain rigidity j ` 10 5 3 1

Triple point sL /D ;hd s4.2;1.00d s4.3;1.06d s4.7;1.10d s5.5;1.18d s6.7;1.28d

FIG. 4. The nematic-smectic transitionsh vs 1/jd for the case of
L /D=6 ssolid lined. In the case of first-order transitions, the line
represents the valuesshN+hAd /2. The dashed curve represents the
simulation results obtained by Bladon and Frenkelf10g, while the
dotted curve describes the asymptotic results of Ref.f13g.

HIDALGO, SULLIVAN, AND CHEN PHYSICAL REVIEW E 71, 041804s2005d

041804-8



Figs. 3 and 4 which exceed the physical close-packed limit
hcp<0.91, and possibly the presence of the N–Sm-A tricriti-
cal points f28g. In reality, the volume fractions at the
N–Sm-A transition should “saturate” at values ofh below
hcp f11,12g. In principle, methods such as that due to Parsons
and Leef37–39g or based on “fundamental measure theory”
f40g can be applied to this question, although the use of these

methods for nonuniform, orientationally ordered systems still
needs significant development.
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